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ON THE STABILITY OF SHOCK WAVES
IN A CONTINUOUS MEDIUM WITH A SPACE CHARGE

A. M. Blokhin, Yu. L. Trakhinin, and I. Z. Merazhov! UDC 533.6.011.72:537.8

The stability of shock waves is discussed for a hydrodynamic model of motion of a continuous
medium with a space electrical charge. The correctness of a mized problem obtained by
Linearization of the hydrodyramic model and the equations of a strong discontinuily for
electrohydrodynamic shock waves is proved. As is known, this indicates stability of this type
of strong discontinuity in the model of a continuous medium considered.

Introduction. The motion of a continuous medium with a space electrical charge has aroused steady
interest in connection with various practical applications [1]. The problem of construction and substantiation
of the basic electrohydrodynamic (EHD) equations is far from being adequately solved, in contrast to, say,
problems of magnetohydrodynamics.

In the present paper, the system of EHD equations adopted as the basis in [1] is discussed in the
context of the theory of equations with partial derivatives. In comparison to the system described in [2], it
has a number of advantages from the viewpoint of the theory of differential equations. This is very important,
e.g., in substantiation of numerical methods of solution of specific EHD problems.

In the present paper, the correctness of a mixed problem obtained by linearization of the EHD equations
and the nonlinear relations for electrohydrodynamic shock waves is proved. This means that this type of strong
discontinuity is stable in the model of a continuous medium considered.

1. Basic EHD Equations. The EHD equations in a one-liquid approximation have the form (1, 2]

pt + div(pu) = 0; (1.1)
(pu)t + divil = 0; (1.2)
(pe)t +divW = (J,E); (L.3)
gt +divy = 0; (1.4)
divE = 4ngq; (1.5)
rotE =0. (1.6)

Here p is the density of a continuous medium, u = (u1,u2,u3)* is the velocity of a continuous medium (the
asterisk denotes transposition), I is the momentum flux density tensor with the components Il;z = puux +
pbix — P (i,k =1,2,3), pis the pressure, E = (Ey, E2, E3)* is the electric-field strength, e = e + (1/2)|ul?,
eq is the internal energy, W = (W), W, W3)* = pu(e + pV), V = 1/p is the specific volume, J is the
current density, and ¢ is the charge. The components P;; of the Maxwell stress tensor P have the form
Py = (1/47)(E;iEx — |E|?8:x/2). The thermodynamic variables are related by the Gibbs relation

Tds = deg + pdV (1.7)

Sobolev Institute of Mathematics, Siberian Division, Russian Academy of Sciences, Novosibirsk 630090.
INovosibirsk State University, Novosibirsk 630090. Translated from Prikladnaya Mekhanika i Tekhnicheskaya
Fizika, Vol. 39, No. 2, pp. 29-39, March-April, 1998. Original article submitted October 8, 1996.

184 0021-8944/98/3902-0184 $20.00 (© 1998 Plenum Publishing Corporation



(s is the entropy and T is the temperature). By virtue of (1.7), the equalities

pP= _(eﬂ)V = Pz(eﬂ)pa T = (eo)s (18)
are valid.
The current density J is related to the velocity u and electric-field strength E by the Ohm law
J = gq(u + 4E) (1.9)

(the constant b > 0 is the mobility [1, 2]). Thus, with allowance for the equation of state ey = eg(p,s),
equalities (1.8), and the Ohm law (1.9), Egs. (1.1)-(1.6) can be regarded as a system for determining the
components of the vectors U = (p,s,u*)* and E and the charge g. In this case, the Maxwell equations (1.5)
and (1.6) can be reduced to one Poisson equation for the scalar electric potential ¢ (E = —V):

Ap = —4nq. (1.10)
By virtue of (1.5) and (1.6), the vectorial equation (1.2) can be written as
(pu)s + divIl = gE, (1.2

where I is the momentum flux density tensor with components II;z = pu;ug + pé;x). Then (1.1), (1.2), (1.3)
is a system of gas-dynamic equations with right members which can be written in nondivergent form:

Ldp . (€0)psq a2 ds _ du

;c—f:i—t‘ +divua = b—CZT |E| , E‘ = _Jt-

where d/dt = 3/0t + (u,V) and ¢ = /(p*(e0),), is the speed of sound in a gas [3). System (1.11) can be

written in symmetric form. Under the assumption that the thermodynamic quantities satisfy the inequalities

p > 0 and (p*(eq),), > 0, the system will be symmetric ¢-hyperbolic (after Friedrichs) [4, 5]. Below we study
the case of a polytropic gas (3, 4].

2. Equations of a Strong Discontinuity. We consider piecewise-smooth solutions of system (1.1)-

(1.6), in which smooth pieces are separated from each other by the surface of a strong discontinuity (3, 6],

described by the equation

f(t)rx) = f(t, xX)-z1=0 [x=(z1,x), x'= (z2,z3)]. (2.1)
Following (1, 3, 6], we write conditions on the strong-discontinuity surface for the EHD system (1.1)-(1.6):

filo) = [purl + fralpua) + foylous] =0, filpws] = [Mai] + fo, (M) + fo[[lai] = 0 (1 =1,2,3),

floe =~ Wil + fesWal + frsWil =0, w1 =%,

[EN]= —4ro, [Ei]+ fr [Ea]l=0 (k=2 3).

Here we used the notation of {4]. In the derivation of these relations, it was assumed that a surface charge

o = o(t,z') can exist on the surface (2.1). According to the recommendations in [1, 6], we ignored the surface
current strength.

Remark 2.1. For shock waves, i.e., for j # 0 and [p] # 0 [j = p(unvy — Dn), uy = (u,N), Dy =
~ft / [Vl the system of strong-discontinuity relations is a closed system for a given value of o. From the
flow parameters before the discontinuity and the value of o it is possible to determine the flow parameters
behind the discontinuity front.

3. Formulation of the Basic Problem of the Stability of Electrohydrodynamic Shock
Waves. We linearize the EHD equations (1.1)-(1.6) and the strong-discontinuity relations with respect to
the basic piecewise-constant solution:
for z; < 0,

9 g2 —
bPTlEI , + Vp = qE, (1.11)

(2.2)

U(t,X) = I“JOO = (pAwygoo,ﬁloo, 0)0)‘7 E(t,X) = EOO = (E]w, 01 0)" q(t,X) = 0;
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and for z; > 0,
U(tvx) = ﬁ = (ﬁ,é,ﬁ],0,0)', E(tvx) = E = (E’],0,0)‘, Q(t’x) =0.

This solution satisfies conditions (2.2) if the discontinuity front is motionless and is described by the equation
z) = 0, i.e., for £; = 0 the following relations hold:

A aa ~ Ez an ~ 1,. Ay r a
[7]1=0, [pu%+p-—-—-7l:]=0, [pul(eo-{-iuf-}—pV)}: , [E1] =4no. (3.1)

Here po = ﬁgc(eo)l’(ﬁgm‘goo)’ TOO = (eo)s(ﬁWaém)’ p= ﬁz(eo)ﬂ(ﬁﬂg)’ T= (CO)S(ﬁvé)’ € = 60(/31 3)7.; = puy, p,
Poos $y Sc0, U1, U100, E1, and F)o are some constants, and & = const is the magnitude of the surface charge.
In addition, it is assumed that the stationary discontinuity (3.1) is a shock wave, i.e., &1 # 0, @10 # 0, and
[] # 0. After linearization we obtain the basic mixed problem of the stability of electrohydrodynamic shock
waves.

Basic Problem. In the regiont > 0, x € Ri, we seek a solution of the system

-1 -1 .
Lp +divu = 7Tq, Ls= qu, M2Lu + Vp = agq,

Lqg+ang=0, divE = 4nq, rotE =0, (3.2).

and in the regiont > 0, x € R3 | we seek a solution of the system

. -1 -1 «
Loop+divu = Z—7——q, Loos = %—q, MZOLocu + Vp = g,

Looq + 0100€19=0, divE =4mq, rotE =0. (3:3)

For z1 = 0, the solutions of both systems should satisfy the boundary conditions
u1 + dp + do Etoo + d1Poo + d2ti100 + 3500 + da = 0, ug = AFy, + doEroo + Pupeo (K =2, 3),
Fy = pp + poE10o + 1Pco + B28100 + #3500 + a2, (3.4)
s = vp+ N Eic + V1P + Vat100 + V3300 + V4,
q=01900 + 02, Ei—dE1o =47Q, E; —dEpe = —%F:, (=2, 3),
and for t =0, they should satisfy the initial data
Ult=o = Ug(x), Eli=o =Eo(x), gle=o =qo(x), x€ RS,

(3.5)
FL:O = Fo(x), QL=0 =Q(x'), x' €R%.

R,={x|2'20,xX€R); L=7+&; Lo=ar+b; 7=

The constant bs, > 0 is the mobility for z; < 0 (it is assumed that the mobility is different on both sides
of the discontinuity). Systems (3.2) and (3.3) are written in dimensionless form. Boundary conditions (3.4)
are obtained by linearization of relations (2.2) and are written in dimensionless form; the coefficients in the
boundary conditions can easily be written. During solution of the basic problem (3.2)-(3.5), we also obtain the
functions F' = F(t,x'), a small displacement of the discontinuity front, and @ = Q(t,x’'), a small perturbation
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of the surface charge. Two relations from boundary conditions (3.4) should be regarded as equations for
determining £ and . Without the last two equations systems (3.2) and (3.3) can be written as

3
A0V, 4+ ) A(k)vzk + AWV =, (3.6)
k=1
3
AQV+ Y ABV,, + AWV =, (3.7)
k=1

where V = (U, q)* and matrices A® and A% (k = 077) can easily be derived.
Remark 3.1. By virtue of (1.10), the last two relations in systems (3.2) and (3.3) (the Maxwell
equations) reduce to one Poisson equation for a small perturbation of the potential ¢:

Ap=—4rq, x€RL, t>0, (3.8)
where ¢ is a dimensionless quantity. The boundary conditions for (3.8) have the form
dp 5 0o 3 N
5.~ 4 Bay = —~47Q), @ —dpe = X F. (3.9)

Thus, to determine the potential ¢ we have the diffraction problem (3.8) and (3.9) [7].

4. Investigation of Conditions (3.1) on a Stationary Discontinuity. Let a stationary
discontinuity that satisfies conditions (3.1) be a shock wave (@1,%100 # 0, and [5] # 0). We write the
second and third relations of (3.1) as

p= M2+ A, 1—ﬁ5+3’—;—1M2(1—5z) =0, (4.1)

where A =1 + YM2(1 — &), § = oo/, and & = 1/z). Then we assume that & is a small parameter (]é| < 1)
and the conditions

§> 3800, POP0>0, p>Ppoo>0, Uleo>u1 >0 (4.2)

are satisfied. For é = 0, ihe§e are the evolution conditions for shock waves in ordinary gas dynamics (3, 6, 8]
(the evolution of electrohydrodynamic shock waves in the general case, i.e., for nonzero &, is investigated in
{1]). Since a polytropic gas is considered, in view of the first relation of (3.1), inequalities (4.2) can be written
as

<l 0<p<l, o>1. (4.3)
From (4.1) we obtain a quadratic equation for determining ¥ and out of the two roots of this equation we
choose the root

. q 2_o¥t1f  7-1 (= . =1)
v_7+1{A+\IA = (+ 2y a=trl-é 1=0w)

which is less than unity for é = 0 (the other root is equal to unity for é = 0). We obtain the following

expression for p:
__ aM? r+1(  1-1
= A—n,|A2-2 l .
P 7+1{ 7\] g ( T )}

For |é] < 1, the evolution conditions (4.3) for electrohydrodynamic shock waves impose the following
restrictions on the main-flow parameters:
y—1 2 D
— <M<l M, = > 1. 4
2 < < o P (4.4)

Remark 4.1. For the small parameter é, the coefficients of boundary conditions (3.4) can be
represented as d = d(® + O(&), do = O(&), do = O(é), XA = A0 4+ 0(&), u = uD + 0(é), w = 0(é),
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v =v0 4 0(&), n1 = O(é), and x = O(é), where d®, 3® 4 and v are some constant numbers. It
is assumed that the condition of smallness of € (|é] < 1) is satisfied by virtue of the smallness of the jump of
the normal component of the electric-field strength on the discontinuity, i.e.,

g El _ Elw El + Eloo
i /p‘/27r u1v8mp  4y/87p U1/8rp  a1/87p

sgn By = sgnFE)oo, and the quantities ) /(it;/87p) and Eyo0/(1+/877 /) are not small.

Remark 4.2. Taking into account the specificity of the stationary discontinuity (3.1), one obtains
several variants of the basic problem. In the formulation of mixed problems for systems (3.6) and (3.7), it is
necessary to know the eigenvalues of the matrices A and Ag,). The eigenvalues of the matrix A() have the
form

-1

A

<

1+M2+,/(1 +M2)2 4+ 4(1 — M2
A=1 d3=M, M=1+d1, Xse= * \/( ) ( )- (4.5)

' 2
The matrix Ag,) has eigenvalues of a similar form. By virtue of (4.4), we have /\1,2,3,5(A(1)) > 0 and

/\1,2,3,5,6(14&)) > 0.
Remark 4.3. Let the conditions

140100 >0, 1+@1 >0, (4.6)
or

140100 <0, 14+d <0, (4.7)
or

l+de >0, 14+01<0 (4.8)

be satisfied. With satisfaction of (4.6) all eigenvalues of the matrix A are positive, i.e., for system (3.7) one
need not set boundary conditions for z; = 0. At the same time, by virtue of (4.5), system (3.6) requires five
boundary conditions. Thus, to pose the basic problem correctly from the viewpoint of the number of boundary
conditions with satisfaction of inequalities (4.6), it is necessary to establish satisfaction of the identity

=0 (4.9)

Otherwise, the basic problem will be underdetermined in the number of boundary conditions. Similarly, in
the case of satisfaction of conditions (4.7), the basic problem is correctly posed in the number of boundary
conditions if identity (4.9) is satisfied. When conditions (4.8) are satisfied, it is correctly posed if  # 0. Note
that, with satisfaction of the conditions 1 4 @100 < 0 and 1 + & > 0, the basic problem is underdetermined
even for 2 = 0.

Remark 4.4. The physical meaning of conditions (4.6) is that with satisfaction of these conditions,
by virtue of the Ohm law (1.9), electric current flows downstream of the discontinuity from left to right [in
the case of satisfaction of conditions (4.7), electric current flows upstream of the discontinuity from right to
left]. With satisfaction of conditions (4.8), electric current is directed to the discontinuity from both sides,
generating a surface charge on the shock wave.

5. Investigation of the Correctness of the Basic Problem. We describe the process of deriving
an a priori estimate without loss of smoothness for the solution of the basic problem in the case of satisfaction
of conditions (4.6). For this, we construct extended systems for systems (3.6) and (3.7) [4]. The process of
deriving these systems consists of two stages. In the first stage, from (3.6) and (3.7) we construct extended
systems (for determining the components of the vector V and its derivatives) and write for them identities of
the energy integrals in differential form [4]. Integrating the identities over the regions R% and R3, respectively,
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and combining the resulting expressions, we obtain the equality

—10 t)—//[ ADV, V) dx +/f/((A(“)+A<4>')V V,) dx

21=0
+///((A(4) +A(4)* Vp, Vp)dx =0, (5.1)
where // A(O)Vp,V )dx-i-///(A 0) oo Vp, Vp) dx,

V,,=(Vt‘rV*,{thﬁsz{;;Vj'er‘,‘r§1V';r£2V§r§3V‘ WIOEVIOE VIV LE VISV,

A;a) = diag(Is x A(®), e(I19 x A®)), A},Z?, = n(J15 X AS,‘;)) (e =0, 4) are block diagonal matrices, Is x A(®) are

the Kronecker product of the matrices Is and A(®), I5 is a unit matrix of the order of 5, etc., and € and 7 > 0 are

some constants. In the derivation of (5.1), it was assumed that |Vp| — 0 as |zx| = oo (k =1, 2, and 3).
Estimating the second and third terms in equality (5.1) by means of boundary conditions (3.4) for

) =0 and system (3.2) for z; = 0, by virtue of the positive definiteness of the matrix Ag}% (see Remarks 4.2
and 4.3), we obtain the inequality

d
=To(t) + 1w [[(Vooo, Vaco) d' = NiH1(t) = NeHa(t) < Neho(t), (5:2)
2

where N1, N3 > 0, and N; = O(€) are constants;

+&(P + R) + (Vipoo, Vipoo) dx';
z1=0

Hi(?) //{p tudtud el oL, Al )
R2

(Vioo, Vpes) = (Vi, V)| 5 P= (p“+pt,1+p,,,+p,,3+zzp,,,,)

?

z1=0 =1 j=t z1=0
3 3 3
R= ()} ;o H(t)=
i=z2j§2k=1 *i%k ;=0 // 1:1—0
.| |OE OE

) =IE 2 oo 00 00

- Bl + 15| *1522 | * |52

e {|PEes 2 +|PBes 2 0%Eo | L |?EBes 2 | 0%E | |0%Eo |
at? Otdz, 8toz; ozt 0z20z3 a2 ’

We estimate Hz(t) using the integral H;(t). For this, we apply a Fourier transform to problem (3.8) and
(3.9) with allowance for (4.9). As a result, we obtain the following boundary-value problem for an ordinary
differential equation:

¢ 1
—_ = - =20: .
a2 Wi = —4rg, X'20; (5.3)
g _ dsboo) s _ 3o Y
— = 0’ - d = F_ 54
(d$1 d:l:l :1=0 ((P ‘Pco) zl:o X ( )

Here ¢, §, and F are the transforms of the Fourier functions ¢(t,x), ¢(t,%), and F(¢,x'); w? = 4x?|¢'|* =
472(€3 + £3) < oo, where €' = (£2,3) is the parameter of the Fourier transform. Following [4], it is easy to
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obtain a solution of the boundary-value problem (5.3) and (5.4):

. - " o 1 A
¢ = —mexp (~wzi)ez + 1, ¢ = scaexp (—wzi) +wir+g2 (71> 0),

2 (5.5)
@ = Cloo Xp (WZ1) + Jloos ¢ = Cloow exXp (wZ1) + Wileo +J200 (21 < 0),
where
0
(1,52)" / Glar =Tt 7,€)dr; (fioos o) = [ Glar = 1)E(t,7,€) dry
—~00
0 i X
f=(—47ré); Cloo -Jw—b/ p (—w7)d(t, 7, ¢ ) dr — EE.F;

¢y = —4nd / exp (wr)§(t,r, &) dr — wa
)

The function H2(t) is the sum of integrals:

Ha(t) = //Elwdx +//E2wdx +. +e// (62E3°°> dx'.

Using the Parseval equality, the second and thlrd boundary condmons in (3.4), and relations (5.5), we obtain

the inequality
[ Blodx’ < K1 [ +43)
R2 Rz z1=0

s 4[]

where K, K3, K3 > 0 are constants, which can easily be written.
From the last equation of system (3.6) it follows that the function

dx' + Ko //(u%oo +ul ) dx’
R2

-0
/ exp (w7)§dr

-0

2
/ exp (—wr)gdr| +

2
| ¥

o0

® = (t,¢) = [ exp (—wr)i(t, 7€) dr
0
satisfies the equation -3
®; + (1 + & )w® = §(t, +0,¢'), (5.7)

where §(t,+0,¢') = §(t, 7, f’)L__H_o = 014(t, T, {')L_‘_o = 01§oo(,€') (we assume that ¢ — 0 for z; — 00).
From (5.7) we obtain
t

o0
®=exp (—(1+an )wt)/exp (=wt)go(T,€') dr + 6, /exp (=(1 + & )w(t = 2))doo(z, &) dz. (5.8)
0 0
On the other hand, by virtue of the first inequality of (4.6) and the last equation of system (3.7), the
function ¢(¢,x) for z; < 0 is defined through the initial data as follows:
q(t,x) = qo(z1 — 5(1 + cbloo)t,x'), 1 <0. (5.9)

We assume that the function qo(z) is finite in z; with the supporter suppgo = ((2100, 2000 )U( 20, 21))xR?,
where —00 < Z1o < Z0oo € 0 € 20 < 21 < 0. Then, taking into account the Hélder inequality and (5.9),
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from (5.8) we have

oo 0
18] < 00/|40|2 dr + C, / lGo|2 dr, (5.10)
0 -0

where the constants Cy, C; > 0 depend on 2100, 2000, 20, and zy. Thus, using the Holder inequality, from
(5.6) and (5.10) we ultimately derive the estimate -

// EL dx' < K, //(u2 + u3)

where K4 > 0 is a constant. Slmlla.rly, it is possible to estimate the remaining integrals in the sum for Ha(t).
As a result, we obtain the estimate Ha(t) < N3H1(t) + Nglo(t) (N3 and N4 > 0 are constants) from which,
using the property of trace of the function from W} (R3) on the plane z, = 0 [9], we derive the inequality

Ha(t) < N3 / / (€(P + R) + (Vpoo, Vo)) dX' + Nalo(t), (5.11)

dx + K //(u2°° +ud ) dx' + Kelo(t),

where 1\./4 > 0 is a constant.
From boundary conditions (3.4) and system (3.2), for z; = 0 we obtain

3 .
(€2 + E)ur = (Bi7 + Bob1)exp — doréxErco + 3 DM vicg + DM poo + D seo + D g
=1

(k=2)3)7 1 =0,

where 8 = =1 —d, B2 = f2/M?, B =1/1-M? (M < 1), and the differential operators Dij) (7 =1,5) are
of the form

DP = Y dk g, PP = dir + dity + dic,

ag,a
ag+|al=2

where aq is a nonnegative integer, a = (a3,az,03) is a multiindex with nonnegative integral components,
la| = a1+ a2 +a3, £e = £1¢5 2632, and the constants dﬁ’ ,« and dl 2,3 are expressed in terms of the coefficients
of boundary conditions (3.4). Then, using the known mequahty [10]

//Rdx WDSt]/ Z(fzuk'i'fauk)

R? k=2

dx’'
1'1 =0

<G [[ (B + Bat)en)

R k=2

dx' + CyHy(t) + Cs / (Vpoos Vpoo) dx’
£=0 3

(C1,2,3 > 0 are constants) and the property of trace of the function from W}(R3) on the plane z; = 0 with
allowance for (5.11), we reduce inequality (5.2) to the form

%Io(t) + Ié j ((1hmin = N3)(Vpoos Vipoo) — N1 P) dx' < NaIo(2) (5.12)

(N1, N3, and N3 > 0 are constants). Note that in the derivation of (5.12), € < 1/(N3(1 + C2)). Inequality
(5.11) can be written as

Ha(t) < eN / / Pdx' +C4 / / (Vpoos Vipoo) 4%’ + NaTo(t), (5.11')
‘R? R?
where
N;; = NsCr >0, N4 N4

1 -eN3(1+4C7) 1 —eN3(1 +Cz)
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and C4 > 0 is a constant.
We proceed to the second stage of construction of the extended system. Note that the function p for
z1 > 0 satisfies the wave equation

(- ()P -&-Ep=7 (5.13)

[F1 = (M*(y = 1)/7)Lq — 1/(7&1)é1q], where the new differential operators 7/ and ¢ are given by the
formulas 7 = (8/M)7’ and ¢, = (1/B8)¢] + (M/B)r'. If the function p satisfies Eq. (5.13), the vector Y =
('p, & p, €2, £3p)* satisfies the symmetric system [4]

(B + Q) + Roby + Rab3)Y =F, x € R (5.14)

Here F = F(m, l2, I3) = (F1, —m1F1, —12F1, —13F1)*, where m, I3, and I3 are constants; the matrices B, Q,
Ry, and Rj can easily be derived (B > 0 if m3 + 2 + 2 < 1).

As in gas dynamics [4], taking into account boundary conditions (3.4), systems (3.2) and (3.3), and
Eqgs. (5.13), for z; = 0 we infer that the function p satisfies the boundary condition

(7' —aé)ip+ Fo =0, (5.15)
where L = a1’ + ap€};
M2 . 3 .
Fo = —FZ-{doT2 — doréy — Apo(€} + €3)} Eroo + 3 DW iy + DWpoo + D s + DO gy
t=1

DW= 5= & ¢, j=T5 DO =dyyr+dpyts +dats;
ag+eal=2

the constants d{;o,a and d; 3 3) are expressed in terms of the coefficients of boundary conditions (3.4). For the

vector Yp = (7'Y*,£1Y*, &Y, &Y, LY*)*, from (5.14) we construct the extended system
{Byr' + Qptl + Rapla + Rapls} Yp = Ty, (5.16)

where By, Qp, R2p, and Rj3, are block-diagonal matrices of the order of 20, B, = diag (¢01B1,025;,
03B3,04B4,05B5), Bi = B(mii,li,li), etc,, oi > 0, myi, ki, and Il3; (: = 1,5) are constants, and
m?; + &% + 1; < 1. Choosing appropriate coefficients, it is possible to convert this system to a symmetric
t-hyperbolic system (after Friedrichs). Furthermore, taking into account (5.15), it is possible to estimate the

quadratic form as .
_(Q,,Y,,,Y,,)[zl=0 > NyP — N;E — N5(Vpoo, Voo), (5.17)

where Ngs, and N; are positive constants, N; = O(é€). For system (5.16) the energy integral is written in
differential form [4]:
(DpYp, Yp)t + B(QpYp, Yp)z, + (R2pYp, Yp)z; + (RapYp, Yp)os + 2(Yy, Fp) = 0. (5.18)

Here D, = (M/B)B, — (M?/B)Q, > 0. We integrate (5.18) over the region R3, assuming that [Y,| — 0 for
z1, [z2,3] — oo. As a result, taking into account (5.17), (5.11'), and the property of trace of the function from
W}(R%) on the plane z; = 0, we obtain the inequality

%Il(t) + / / (N6 P — N1(Vpoos Vipoo)) dx' < Na(I1(t) + Io(t)), (5.19)
R2

where Ng 7,8 are positive constants, and

h(t) = / / (D,Y,,Y,) dx.
R3

Combining inequalities (5.12) and (5.19) and taking into acccunt that choosing appropriate constants ¢
and 7, one can achieve positive definiteness of the quadratic form (Ng—eN1 )P+ (9 Amin — N3 — N7)(Vpoo, Voo ),
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we obtain the inequality p
Zl(t) < NgI(t), t>0,

where I(t) = Ip(t) + I1(t) and Ny > 0 is a constant. The last inequality leads to the a priori estimate
I(t) < exp (Not)I(0), t>0. (5.20)
Then, from (5.5), (5.20), and the Parseval equality we obtain the desired a priori estimate
I1Z(®)lwz(rg) < Mo» 0<t< T < oo, (5.21)

where Z = (V*,E*)*; Nig < oo is a positive constant that depends on T; ||Z(t)“w§(33i) = "Z(t)“sz(Ri) +
]IZ(t)”sz(Ra y- Asin [4], for the function F(t,x') we can obtain the estimate

"F”Wé’((oj‘)xg2) < Ny, (5.22)

where Nj; < oo is a positive constant that depends on T.

The a priori estimates (5.21) and (5.22) indicate that in the case of (4.6), the basic problem of the
stability of electrohydrodynamic shock waves is correct under the assumptions that on the discontinuity the
jump of the normal component of the electric-field strength is small (see Remark 4.1) and the function of the
initial perturbation of the charge go(x) is finite in z; ahead of and behind the discontinuity (for z; < 0 and
> 0).

Remark 5.1. Using the positive definiteness of the matrix Ag) and the procedure of deriving of an a
priori estimate described above, it is possible to prove that the basic problem is also correct when conditions
(4.7) are satisfied. When conditions (4.8) are satisfied for —1 < W00 < 0, i.e., B < 0, the condition of
smallness of the coefficients d};, do, po, and g can be satisfied (see Remark 4.1). In this case, the function
(¢, z') is determined from the sixth boundary condition (3.4) via the initial data go(x), x € RS at z; = 0.
Further reasoning for deriving an @ priori estimate for the basic problem is similar to the reasoning for the
cases of (4.6) and (4.7).

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 96-01-
01560).
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